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Universality in Elementary Cellular Automata

«51))9 Jog JolS» g ll- 0acld

Department of Computation and Neural Systems,*
Caltech, Mail Stop 136-93,
Pasadena, California 91125, USA

The purpose of this paper is to prove a conjecture made by Stephen
Wolfram in 1985, that an elementary one dimensional cellular automaton
known as “Rule 110” is capable of universal computation. I developed
this proof of his conjecture while assisting Stephen Wolfram on research
for A New Kind of Science [1].

l 1. Overview

The purpose of this paper is to prove that one of the simplest one di-
mensional cellular automata is computationally universal, implying that
many questions concerning its behavior, such as whether a particular se-
quence of bits will occur, or whether the behavior will become periodic,
are formally undecidable. The cellular automaton we will prove this for
is known as “Rule 110” according to Wolfram’s numbering scheme [2].

Being a one dimensional cellular automaton, it consists of an infinitely
long row of cells {C; | i € Z}. Each cell is in one of the two states
{0,1}, and at each discrete time step every cell synchronously updates
itself according to the value of itself and its nearest neighbors: Vi, C; =
F(C,_;,C,;,C,,,), where F is the following function:
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Coarse-graining of cellular automata, emergence, and the predictability of complex
systems

Navot Israel

Department of Physics of Complex Systems, Weizmann Institute of Science, Rehovot, 76100, Israel.

Nigel Goldenfeld]
Department of Physics, University of Illinois at Urbana-Champaign,
1110 West Green Street, Urbana, Illinois, 61801-3080.

We study the predictability of emergent phenomena in complex systems. Using nearest neighbor,
one-dimensional Cellular Automata (CA) as an example, we show how to construct local coarse-
grained descriptions of CA in all classes of Wolfram’s classification. The resulting coarse-grained CA
that we construct are capable of emulating the large-scale behavior of the original systems without
accounting for small-scale details. Several CA that can be coarse-grained by this construction are
known to be universal Turing machines; they can emulate any CA or other computing devices and
are therefore undecidable. We thus show that because in practice one only seeks coarse-grained
information, complex physical systems can be predictable and even decidable at some level of de-
scription. The renormalization group flows that we construct induce a hierarchy of CA rules. This
hierarchy agrees well with apparent rule complexity and is therefore a good candidate for a com-
plexity measure and a classification method. Finally we argue that the large scale dynamics of
CA can be very simple, at least when measured by the Kolmogorov complexity of the large scale
update rule, and moreover exhibits a novel scaling law. We show that because of this large-scale
simplicity, the probability of finding a coarse-grained description of CA approaches unity as one
goes to increasingly coarser scales. We interpret this large scale simplicity as a pattern formation
mechanism in which large scale patterns are forced upon the system by the simplicity of the rules
that govern the large scale dynamics.

PACS numbers: 05.45.-a, 05.10.Cc, 47.54.+r
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